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D ■ Abstract. Birkhoff 's theorem is one of the most important statements of Einstein's general relativ- 

\ ity, which generally can not be extended to modified theories of gravity. Here we study the validity 

, of the theorem in scalar-tensor theories using a perturbative approach, and compare the results in the 

so-called Einstein and Jordan frames. The implications of the results question the physical equiva- 
lence between both frames, at least in perturbations. 
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INTRODUCTION 

^ . The aim of this work is the study of spherically symmetric solutions and the validity of 

^ \ Birkhoff 's theorem for non-minimally coupling scalar-tensor theories, and its relation 

i/S ■ with its conformal theory in the so-called Einstein frame (for a review on higher order 

theories of gravity and conformal transformations, see Ref. [1]). The mathematical 
\ equivalence between both frames is a well known fact, while its physical relation is still 

^ \ an old and open discussion in classical gravitation ( see Ref. [2]). Here, we are interested 

to compare both frames by the analysis of spherically symmetric solutions, and discuss 
the validity of Birkhoff's theorem using a perturbative approach (for more details see 
Ref. [3]). Let us start by writing the general action for a non-minimally scalar-tensor 
theory, 

0i?_^^Mvv^^Vv0-y(0) + 2fc2if„ . (1) 

Here we assume ft) to be a constant. Note that the action (1) is equivalent to f{R) 
gravity when the kinetic term is null, ft) = 0, Ref. [4]. This action is commonly said 
to be expressed in the Jordan frame, while the Einstein frame is recovered by applying 
a conformal transformation. 




gEilv 



Re - ^V^(pV^(p - U{(p) -f iK^^Em 



(2) 

where = (p. Here the subscript e denotes the variables defined in the Einstein frame. 
For convenience, we have redefined the scalar field as = e'P/ ^3+2®^ while the scalar 
potential is given by U{(p) = e'''/^'^+^y(0((p)), and the matter Lagrangian is .^Em = 



■^^m (^-jigEixvJ- The field equations can be obtained by varying the action (2) with 
respect to gE^v and <j), 

Rehv - ^SEuvRe = ^d^(pdv(p-^8Env [do(pd''(p + U{(p)] + K^T^f^ , (3) 

^ d(p 5<p ' ^ ^ 

where the energy-momentum tensor is given by T^Jy, = ^ . We are interested 

to Study perturbations around a given background solution, and find the range of validity 
of the Birkhoff 's theorem for both frames. Particularly we assume in the Jordan frame a 
spherically symmetric solution of the type, which is conformally transformed as, 

ds^ = -A{r,t)dt^ + B{r,t)dr^ + r^dQ. , (5) 

and becomes in the Einstein frame, 

dsl = -C{pj')dt'^ + D{pj')dp^ + p^dQ. , (6) 

where we have redefined the coordinates, taking p^ = n^(r, t)r^, and t' = T{t, r) to avoid 
cross terms, such that the metric can be written in the familiar form as in (5). It is well 
known that the only vacuum solution for a spherically symmetric metric in General 
Relativity is given by the Schwarzschild solution, or Schwarzschild-(A)dS solution with 
a cosmological constant. This result, called Birkhoff's theorem states basically that the 
metric (5) is time independent in vacuum, A{r,t) — A{r) and B{r,t) — B{r), Ref. [5]. 
However, the theorem is not valid for actions of the type of (1) (neither for the conformal 
action) unless strong conditions are firstly assumed (see Ref. [6]). Here, we assume 
that the theory introduces small corrections to General Relativity, so that the zero order 
solution satisfies the Birkhoff's theorem, and we study the perturbations around. 



BIRKHOFF'S THEOREM IN THE EINSTEIN AND JORDAN 

FRAMES 

Let us start by analyzing the metric (6) in the Einstein frame and explore the range where 
is static. We consider the perturbed metric, 

^^.v = 4v+^Sv, <P = <p(°) + <P«, (7) 

where the set {e'eIiv^ 9*^^^} refers to the zero-order solution, while the perturbations are 
represented by {g^^y' ^*^^^)- ^^'^ components of the metric can be written as 



gEt't' = -c{p,t') -Ci^\p,t') -c(i)(p,?o 

gEpp = D\ 
gEoe = P" 



gEpp=D{p,t')c^D(^){p,t')+DW{p,t') 



gExj/xj/ = P^ sin^ d 



Hence, the field equations (3,4) can be split into different orders of perturbations. As 

we are interested in vacuum solutions, T^^^ = 0, and we assume a background solution 

given by a constant scalar field (p^^\p,t') = (po, the equations (3, 4) at zero-order are 
given by, 

,(0) _l„(o) t,(o)^„(o) ^^f^ ^t^(«)) 

where the cosmological constant is defined as A = jUq. Equations (9) are exactly the 
same as Einstein field equations with a cosmological constant, such that the solution is 
the well known Schwarzschild-(A)dS metric, that represents the zero-order solution for 
the metric (7), 

cW(p)=[D(o)(p)]-l=l-^-^p^ (10) 

p J 

where ji is an integration constant. Then, at zero-order the solution satisfies the 
Birkhoff 's theorem, as expected. At first linear order, the equation (3) is, 

ReI-^Uos'H.^O. (11) 

where we have used the results obtained at zero order (9), being C/^ = 0, and = IUq. 

The expression (11) is a linear system of differential equations in g^^y, where the 
coefficients are given in terms of the zero order solution (10), and whose solutions 
exhibits a very complex expression. Nevertheless, we can study the system in order 
to obtain the time dependence of the solution. From the r?-equation, 

''-=7Wi='' ^ «y;=fl«(P,'')=f<"(P). (12) 

Hence, the rr-component of the metric is time independent. By deriving the 00-equation 
respect the time, it gives. 



dt IDi^) drdt \ C(0) 




0, ^di)(p,0 = cW(p)(a(0+;t(p)) , (13) 



It is straightforward to show by rr- and -equations that Ct(r') is an undetermined 
function of the time t' , so that can be taken to be a constant oc{t') = a, while the 
functions D^^^ (p) and ;t(p) are solutions of the system of differential equations (1 1). As 
the solutions (12-13) are time-independent, the Birkhoff's theorem holds, and the metric 
remains static in vacuum for a general scalar-tensor theory given by the action (2) in the 
Einstein frame. Let us now transform the metric components (12-13) to the Jordan frame, 
and check how the metric is affected. In order to obtain the conformal transformation 
(2), we have to solve the scalar field equation at first linear order, D^^^) = Uq(P^^\ which 
can be expanded as, 

^ dp^ \C r ) dp C(^){p) dt^ ^ ^ 



This equation clearly has a solution of the type (p^^\p,t') = (pp (p^, Hence, the corre- 
sponding time part of the equation is given by, 

C = ^ ^ (p^^)=Cle^''+C2e-^^ (15) 

where Ci^2 and k are constants. While the radial dependence of ^^p^ can be obtained by 
solving the differential equation (14). Hence, the conformal transformation yields, 

= = 0(0) +0(1) = e'P/^3+2^~ 0(0) fl + ^^<pW(r',p)^ , (16) 

where 0(O) — e?''"VV3+2co _ constant. Hence, the conformal transformation is time 
dependent, and the metric in the Jordan frame yields, 

o dsl 0(O)-0(l)(p,?') / . X ,9 / X 7 9 X 

"^Ji^)^ (Jo)) ' (-CiP)1>^^D(p),p-^p-ia) . (17) 

Hence, the perturbations on the metric are not static at first linear order in the Jordan 
frame, and the Birkhoff's theorem is not valid, which differs from the results in the 
Einstein frame. Note also that the result given in (15) suggests that the zero-order 
solution will be unstable in the Jordan frame due to the perturbations induced by the 
scalar field. This fact suggests the non-physical equivalence between both frames, as has 
already pointed out in Ref. [7]. At zero order, where 0(0) in (17) is a constant, the result 
in the Jordan frame gives also a Schwarzschild-(A)dS metric, and the Birkhoff's theorem 
is satisfied. Nevertheless, at first linear order the metric is obviously not static, and the 
theorem is not satisfied, which contradicts the result obtained in the Einstein frame, 
and points to the different physical meaning of both frames at least in a perturbative 
approach. 
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